Selected light hypernuclei are studied using an α cluster model approach (the Hyper-THSR wave function) in combination with a density-dependent Λ hyperonnuclear interaction derived from chiral SU (3) effective field theory. This interaction includes important two-pion exchange processes involving ΣN intermediate states and associated three-body mechanisms as well as effective mass and surface terms arising in a derivative expansion of the in-medium Λ self-energy. Applications and calculated results are presented and discussed for typeset using P T P T E X.cls Ver.0.9
§1. Introduction
The physics of Λ hypernuclei has a long and well-established history. With the increasing precision of hypernuclear spectroscopy, accurate constraints on the effective interaction of the Λ with nucleons in the nuclear medium emerge.
1), 2), 3), 4), 5) Empirical single-particle energies of a Λ bound in hypernuclei are well described in terms of an attractive mean field that is about half as strong (U Λ ≈ −30 MeV) as the single-particle potential for nucleons in a nucleus. The empirical Λ-nuclear spin-orbit interaction is extremely weak compared to that of a nucleon in the nucleus. All these features have been described quite successfully, at least for medium-mass and heavy hypernuclei, in various phenomenological mean-field approaches inspired by the shell-model picture. In recent years an equally successful theoretical framework has been developed 6) based on chiral SU(3) dynamics, the effective field theory at the interface of three-flavor, low-energy QCD and nuclear physics with strangeness degrees of freedom. When converting the energy density derived in this framework into a hypernuclear density functional, this theory provides a quantitative description of Λ hypernuclei over a wide mass range, 7) from
16
Λ O to 208 Λ Pb. For lighter hypernuclei such as 13 Λ C this approach works still reasonably well but turns out to be less accurate. A primary reason for this is the more complex structure of the corresponding core nuclei. Many previous investigations have shown that clustering correlations play an important role in light nuclei. 8), 9) A typical example is 12 C which is known not to be a good shell-model nucleus. Its first excited 0 + state (the famous Hoyle state) has a pronounced cluster structure displaying a strong component of three alpha clusters in its wave function. Such a structure also emerges in ab initio Monte Carlo lattice computations based on chiral effective field theory. 10) Recent works support the picture that the Hoyle state can, to a good approximation, be described as a product state of weakly interacting alpha particles occupying the lowest 0S-orbit of a mean-field potential, with a relatively low average density, only about 1 3 to 1 4 of the nuclear saturation density. 11), 13), 12) The 12 C ground state, while displaying a leading shell-model configuration, has nonetheless a pronounced component of three strongly correlated alpha clusters. 14) Likewise, the 8 Be nucleus features a prominent αα clustering substructure. When a Λ hyperon is added to the nuclear core, significant changes of the ground state configuration can be induced as discussed e.g.
in refs. 15), 16).
The aim of the present study is to investigate the interaction of a Λ with such clustered core nuclei, based on a density-dependent Hamiltonian derived from chiral SU(3) dynamics.
Apart from a central potential, this interaction features a characteristic surface (derivative)
coupling which is sensitive to the detailed shape of the nuclear density profile. This density 2 distribution, and in particular its surface shape, is in turn influenced by the microscopic structure of the core wave function. The primary focus in this investigation is on 13 Λ C, while calculations are also performed for 9 Λ Be, starting from realistic dynamical cluster wave functions of their 12 C and 8 Be cores. Since the relative proportions of surface and volume change significantly in these two nuclei, they provide a testing ground for a detailed study of the interplay between bulk and surface terms in the chiral SU(3) based Λ-nuclear interaction.
For the lightest Λα compound, the 5 Λ He hypernucleus, the question arises whether the present effective Λ-nuclear interaction and its pronounced derivative term apply also to this more compact system. Calculations of the 5 Λ He binding energy have so far frequently used a schematic Gaussian type density for the α core, with its size parameter fixed to reproduce the observed charge radius of 4 He. However, in a recent four-body calculation 17) it was found that the strong N N correlations in 4 He imply a significant deviation of the resulting density from a Gaussian form, with consequences also for the detailed density profile and its surface.
It is therefore of interest to calculate, in addition, the binding energy of
5
Λ He using the wave function of 4 He generated by the four-body calculation.
This paper is organized as follows. Section 2 briefly summarizes the Λ-nuclear interaction derived from chiral SU(3) dynamics and employed in this work. In Sections 3 and 4, the model wave functions and density distributions for
13
Λ C and 9 Λ Be are introduced. Results and discussions are presented in Section 5 followed by a summary in Section 6. §2. The Λ-nuclear interaction from chiral SU(3) dynamics
In previous work, 6), 7) the interaction of a Λ hyperon with a nuclear medium has been derived using the chiral SU(3) meson-baryon effective Lagrangian at next-to-leading order (NLO) as a starting point. An important element of this approach is the systematic treatment of kaon and two-pion exchange processes governing the in-medium ΛN interactions.
While direct single-pion exchange in the ΛN system is isospin-forbidden, iterated pion exchange driven by the second-order tensor force and involving an intermediate Σ hyperon provides the dominant mid-range attraction. Short-distance dynamics, not resolved at the relevant nuclear Fermi momentum scales, are encoded in a few contact terms with coefficients adjusted to reproduce bulk properties of hypernuclei. The remaining parameters of the theory are the known structure constants of the pseudoscalar meson octet (the pion and kaon decay constants in vacuum) and the axial vector coupling constants of the baryon octet (determined by nucleon and hyperon beta decays). A calculation of all NLO contributions has been performed at two-loop order for the Λ-nuclear (central and spin-orbit) mean fields, with full account of important Pauli-blocking effects in the nuclear medium.
6)
Within this framework, the self-energy of the Λ interacting with the nuclear many-body system has been constructed. Its dependence on the nuclear density, ρ N = 2k 3 F /3π 2 , can be represented in the form of an expansion in powers of the nucleon Fermi momentum, k F . In a subsequent step this self-energy has been translated into a Λ-nucleus potential U Λ (r) for applications to hypernuclei, using a derivative expansion in terms of the local density, ρ N (r), of the nuclear core. The result is as follows:
where the central part is written as an expansion in fractional powers of ρ N : The derivative terms in Eq.(2 . 1) reflect the momentum dependence of the Λ self-energy in the nuclear medium at order p 2 . In r-space these derivative terms represent non-local effects beyond the simplest local density approximation. Such terms are expected to become increasingly important as the proportion of surface to bulk increases in light nuclei. The piece proportional to R(ρ N ) contributes to the (density dependent) effective mass of the Λ hyperon. When combined with the kinetic energy piece of the (free) Λ Hamiltonian, one has
The explicit analytical expression for R(ρ N ) can be found in the appendix. For the present purpose it is well approximated by the series:
At typical densities, ρ N ∼ ρ 0 /2, this gives a small but significant correction to the effective
The third term in Eq.(2 . 1), the one proportional to the Laplacian acting on the density, is sensitive to the detailed surface profile of ρ N (r) 
The center-of-mass kinetic energy T G is properly subtracted. We neglect the small ΛN spinorbit interaction. 
23)
In the present work the focus is on the interaction of the Λ with the nuclear core based on chiral SU(3) effective field theory, replacing
where the gradients in the first term are understood to act on the Λ hyperon coordinate and the remaining expressions are as specified in the previous section. Taking expectation values of this new interaction with calculated wave functions, the aim is then to study in particular the role of the genuine surface term of Eq.(3 . 2). The effect of the derivative term in light hypernuclei is examined here for the first time. The importance of this term has been established in previous calculations for a Λ in slightly inhomogeneous nuclear matter 6) and for hypernuclei ranging from
7) §4. Derivation of the nuclear core density
The quantity of key importance is now the nuclear core density distribution ρ N (r) in the hypernucleus. The model wave function used here to calculate this density is the so-called
Hyper-THSR (Tohsaki-Horiuchi-Schuck-Röpke) wave function. It is based on the deformed THSR wave function 11), 24) describing nuclei with 4n nucleons as follows:
with the antisymmetrizer A operating on all nucleons and φ(α i ) the intrinsic wave function of the i-th α cluster:
In Eq. (4 . 1), X i denotes the center-of-mass coordinates of the i-th α particle. The spurious total center-of-mass coordinate X G is properly eliminated. The center-of-mass motions of the n alpha clusters occupy the same deformed orbit, exp[− k=x,y,z
displaying a product arrangement of the n α particles when B is so large that the effect of the antisymmetrizer becomes negligible. 
26)
The Hyper-THSR wave function describing the 4n + Λ hypernuclei is then introduced as
3)
where the Λ particle is assumed to couple to the nα core nucleus in an S wave. This approximation is supported by previous calculations 27) for 
Using the wave function (4 . 4) the (radial) nucleon density distribution of the core, averaged over angular dependence, is introduced as:
where X C = (r 1 + · · · + r 4n )/(4n) is the center-of-mass coordinate of the nα core nucleus.
Note again that the wave functions entering Eq.(4 . 6) are angular-momentum projected. The nuclear core density ρ N is normalized as usual to the total number of nucleons, d Λ Be one observes that a significant spatial shrinkage is induced by injecting the Λ particle into 8 Be. The calculated root mean square (rms) radius for the 8 Be core in 9 Λ Be is 2.35 fm, almost 20% smaller than that for the 8 Be nucleus (2.87 fm) which has a pronounced 2α cluster structure. This shrinkage effect is far less significant for Λ Be, respectively. As an exploratory sideline, the 5 Λ He prototype hypernucleus will also be discussed. We first study the case of For comparison, Fig.3 also shows a study in which the nuclear A = 12 core density in 13 Λ C hypernucleus is simply replaced by the density distribution ρ N of the free, isolated 12 C nucleus, either calculated using the THSR cluster model or using a parameterization of the empirical 12 C charge density. 29) In this case the suggested values of the surface coupling D would be reduced. One observes that the relatively small difference seen in Fig.1 between the density distribution of 12 C and the nuclear core in
13
Λ C has nonetheless a pronounced effect on the derivative term proportional to ∇ 2 ρ N .
The r-dependence of the D∇ 2 ρ N (r) term resulting from the 13 Λ C core density is displayed in Fig.4 together with the one from the calculated 12 C density and in comparison with the one derived from the empirical 12 C density distribution. The sensitivity of this derivative term (multiplied by r 2 as it appears in the relevant integral) with respect to the detailed behaviour of ρ N (r) is evident. Note that when combined with the square of the Λ wave function in 13 Λ C, the weight in the relevant matrix element is dominantly in the range r ∼ 1 − 3 fm, resulting in a net repulsive correction to the Λ binding energy. It is also instructive to examine in more detail the effect of this derivative term on the Λ binding energy with varying strength parameter D as displayed in Table I. Next, consider . Solid curve: full calculation of 13 Λ C using Eq. (4 . 6) (THSR 13 Λ C); dashed curve: calculated 12 C core density using THSR cluster wave function (THSR 12 C); dash-dot curve: using empirical 12 C core density deduced from electron scattering data. a prototype system featuring the interaction of the Λ hyperon with the α particle core. In principle, an ab-initio calculation of the The present analysis of light hypernuclei using microscopic cluster model wave functions points to a sensitive interplay between the Hartree-type central Λ-nuclear potential and terms involving derivatives of the nuclear core density, ρ N , in the hypernucleus. These derivative terms have their well-founded origin in the in-medium Λ self-energy derived from chiral SU (3) meson-baryon effective field theory. A part proportional to ∇ · R(ρ N ) ∇ effectively increases the mass and reduces the kinetic energy of the Λ in the hypernucleus, thereby increasing the Λ binding energy. A repulsive surface term proportional to ∇ 2 ρ N counteracts this tendency.
A systematic linear correlation is found between the strengths of the central attraction and the surface repulsion. The results for
Λ C turn out to be consistent with earlier mean-field calculations using similar input. For the lightest hypernuclei studied in this work ( In summary, a significant result of the present study is that an independent calculation of 13 Λ C using a microscopic wave function confirms the importance of the Λ-nuclear derivative coupling terms predicted by in-medium chiral SU(3) effective field theory.
